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Systems in standard form and quasilinear systems with many fast variables are
examined, It is shown that when the transient slow motions are uniformly ex-
ponentially stable, the solutions approximate the exact ones on an infinite time
interval under an asymptotic separation of the motions. A relation is found be-
tween the size of the stability domain, the order of the exponent in the estim -
ate of the resolving matrix of the equations in variations, and the number of
operations ensuring the approximation,

l, Asymptotic approximation of nonquasistation-
ary solutions of systems in standard form on an in-
finite time interval, Inan n-dimensional Euclidean space Zj, . - -,
Z, we consider a system in standard form

2 = ¢eX (x, t, &) (LD

where z is a column vector and the vector-valued function X , for £ > t,, | |
< &¢ and I from some domain G , is continuous in ¢ and is uniformly bounded
together with m -+ 1 derivatives with respect to  and m derivatives with respect to
€. Let us consider an improved m ~th approximation to the solution of system (1. 1),
constructed by the averaging method

™ =g, + gy, (t, Em) + ...+ e"uy (t, E (1.2
where &, satisfies the equation
dE, / dt = €8y (En) + . .« + €Bpy (En) = eBMD (B, &) (1.3

We assume that u; (¢4, &) = 0, j = 1, ..., m. Then §,, should be determined
under the initial condition E, (¢,) = &, = z(™ (t,) = x (f,). We assume that
all the means of form

toh-T

8 =lim + | U 8n)at (L9
T—c0 4

encountered during computations by the averaging method, exist and are uniformly
bounded in domain G together with the first derivatives with respect to §, , and
that the functions u; and du; / 9%, are uniformly bounded for ¢ > t, &m € G.
It was shown in [1] that the bound | z — z(m) I<Cp+le|™ isvalid forsolutions of
form(1, 2) on an intervaloforder T'/|€|,independently of the properties of the evolution-
ary components &, (1), The same bound is possible on intervals of larger order (2]
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238 A, S. Mirkina and K, Sh, Khodzhaev

for quasistationary soluttons &g, = const and on an infinite interval for stable quasist-
ationary solutions (Bogoliubov's theorem). Later on we indicate some other cases of
existence of a uniform approximation of nonstationary motions on an infinite interval
both for systems in standard form as well as for systems of a more general form,

By &, (¢, t;, @) we denote the solution of Eq. (1,3) with initial condition&m (¢,)
= &mo = @, andby U, (¢, s, £,, @) , the solution of the matrix equation

au d
(m-1)
_d_;.n. = & ['En = m (§m7 8) lgmr_-gm(t, to, a)] Um

with initial condition U, (s, s, £, @) = E, where E is the unit matrix; U, (t, s,
o, @) is the resolving matrix of the equation in variations of systems (1. 3) on the sol-
ution & (£, fo, @). Later on we examine the case when the solution &, (¢, £,, a)
is uniformly exponentially stable with respect to the linear approximation, i.e., when

WU w2, 5 t, @) ) <V e m (1.6

(1. 5)

forall t > s8> lo.

Theorem 1. Suppose that the solution §,, (¢, ¢,, @) , together with its p -
neighborhood, where p is independent of ¢ and &, remainsin & forall ¢ 2> 4 and
for sufficiently small | € | . Let relation (1., 6) be valid and let the exponential stabil-
ity first appear in terms of the k-th orderin €, iie., Vp, = [ & |¥ Vi , Vi and
N, being independent of &. Let the solution &, (t, f;, @) belong to a family of
uniformly exponentially stable solutions of the following form: for all #; 2> £, there
exists a ball of radius & not depending on  £;, with center at point &m (£, £o, @),
such that each solution &g, (£, t1, &m1), having hit the point Emy of this ball at
t = t; ,remains in G together with its P () -neighborhood, and to this solution
there corresponds a resolving matrix U, (1, s, &3, &) satisfying condition (1, 6)with
the same constants N, and v,, when { >> s >> ¢, . Let the ball's radius be of order

r,i.e, 8 =|e[5, where §, isindependentof &. Let m >k +r —1.
Then for sufficiently small | & | the solution z () of the original system (1.1) with
initial condition & (f;) = @ remainsin G for all £ >> &y and is approximated by
the m -th approximation (1. 2) on the whole interval £, <{ £ <C co with accuracy
je |mtt, e, forall £ 2>

12 () — 2™ (1) | < Cr | & bt (D
where C,, is independent of 7 and &.

Proof. In(l.1) we introduce a new variable § by the relation

z=E-teu, (6, 8+ ... +emu, ¢ 8 (1.3
For the solution with initial condition Z (£,) = a wehave & (f,) = a. Since a &

G — p, aninterval £y < ¢ <%y + T existsin which & & G. Since the deriv-
atives Ou; / 0% are uniformly bounded when § & G , a number & K & exists
such that when | & | < e; the matrix E 4+ g du;/ 9§ + ... + emdu,, / 9% has
an inverse. Under these conditions § satisfies the equation

dt/ dt = eEm-Y (E. &) + em™'R,, (&, ¢, €)
For £ =G, |e | < e and t > 1, the function R, is uniformly bounded, i.e.,
the bound | Ry, (&, ¢, €) | < Iy, is valid, where T'm does not depend on E, 7, €.

(1.9
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Equation (1. 9) is equivalent [3] to the integral equation

t
E@t, to, a) = Em (?, Lo, @) + em¥ j Unlt,s, s, E(s, ty, ) R (E, s, &) ds (1-10)
to

From the condition § — &, = O when ¢ = ¢, and the assumption &, (¢, £,, a) =
G — p it follows that a time interval £, < ¢ <( o + T exists when | § — E,, |
<C 8. The relation & <C p is valid by the definition of the quantities p and § ;
consequently, & (£) & G when £, < ¢t < t,+ 7Ty . In this interval, according to
the theorem's statement, the bound (1, 6) is valid for the matrix U, in the integrand
of (1. 10). Therefore,

t
&= Em | << [e ™2 | Nppe ™ p s < Dy 6 P42 (11D
to

Dy, = ropNyg/ Vo

Relation (1, 11) is valid for those twhen |E — &, |6 =08, [e|. If m >
k+r —1 , then the inequality D, |e |™ 1 < § is fulfilled for sufficiently
small | ¢ | independently of the values of constants N, 7p, Vmi. The equalities
|€E —E&n | =208 and | § — &, | = p are impossible, and relation (1, 11) is valid
forall t > t,.

Consider relation (1,8), From the uniform boundedness of functions u; (t, ) for
ty < t<<oo and & = G follows

le —EI< lela+ ...+ |el"m (.12

where ¢y, . . ., ¢, are constants not depending on ¢, E, g, such that|u; (¢, E) |
< ¢j-. But, according to (1.11), the curve E (¢, £,, a) remains in a small neighbor-
hood of curve &, (£, £y, @) and, consequently, remainsin G together with its 0 -
neighborhood, where p, is independent of €. Therefore, for sufficiently small | & |
the curve z (£), remaining according to (1. 12) in a small neighborhood of curve & (£),
remains in G for ¢ > fy. Analogously with the aid of (1, 2) we can show that z(™
G for t> 1,

Let us estimate |z — (™ |. We have

lx——x(m)lz [(g—-gm)—l—s[ul(t,g)—u1(t,§m)]+
coe g lum (8, 8) —unm (8 BT <
[E—Enl(+leldi+...4+emdp) =
| € —Em | (1 + |2 ]d™)

Here the constants d, . . ., d, , not depending on £ and €, are such that || du;/
Ol < d;, t > ty, E &G. The existence of such constants follows form the uni-
form boundedness of derivatives du;/ 3. From (1.11) and (1. 13) we get that for
sufficiently smali | e |

[z —2™ | <Dp (14 |e|d™) |e ™ < C, e ™ (1.14)

where C,, is a constant not depending on ¢ and e.
Note 1. We can obtain an approximation of the same order by retaining in
(1.2) only the terms containing & to powers no higher than m — k. However, the

(1,13)
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remaining vibration terms up to degree m — 4 are necessary for the construction of
the functions 2, 4., ..., B,
Note 2, The relation

8
U (t, 1y, to, mo) = Em {2, o Emo) (1.15)
is well known, Hence it follows that when ] gmo —a]<<d
| Em (2, to, Emo) — Em (ts Ty a) | < (1. 16)
_to
1T (8 for o Eane) 1 Ermo — @ | < Nome ™ 7 [ Bgma |
ﬂimo J

i.e., the functions &py (4, 2y, tme) come together as ¢ — oo. The functions &, (I, &,
Ema)s falling at ¢ = ¢, into a ball of radius § with center at point &, (¢, to, @), 3150
come together with them, Thus, ateachinstant ¢, > ¢, the quantity § isan estimate of the
domain of exponential attraction ot the solution &, (2, £y, &n (85, £, a)) with given
values Np and vy, . A bound of the form | § (2, #y, Emo) — &y (£, £, @) | < Dy,
| & {™=k+1  js valid, obviously, for the solutions with initial conditions &0, | Epmo —
a| <8, = 2|0y, where 8, <8, and O, isindependentof & . Therefore, the
functions E (¢, ¢, Emeo) » remaining in a neighborhood of the functions coming togeth-
er, will differ from each other for large ¢ by a quantity of order |e |5+ the same
is true of functions « (¢, toy &mo)- This property can be looked upon as a practical
analog of stability.

Generally speaking, the quantities § and v, are independent characteristics of
the stability of motion &, (£, ¢y, a) , which enables up to adopt independent bounds
for them, But inequality (1, 11) can be obtained without making any assumptions on
the magnitude of §.

Theorem 2 Letfunction &, (¢, t,, @) and matrix Uy, (£, s, £y, @) satis-
fy the hypotheses of Theorem 1, Let function E(™™) have uniformly bounded second
derivativesin G . Let m > 2k — 2. Then bound (1, 17) is valid.

To prove this we make only formal estimates, not proving that the functions being
examined lie in G . We estimate the difference Zp, = § — &, , settingup a
nonlinear equation analogous to the Riccati equation (see [3], part 2)

dZn ! dt = & [BOD (&, + Zn) — B E)l + (1.17)
g™ R (Zms Emy £, €)
with initial condition Zm (fy) = 0. We write (1.17) as
2z ( (1, 18)
(T )z - P (o Zon) + ™Ry

Here the derivative is taken with &, = E&m (£, £, @). From the uniform boundedness
in @ of the second derivatives f function BE(™Y) follows a bound for the nonlinear
term: | Fro | S Ml Zn R

Equation (1, 18) together with the initial condition is equivalent to the integral eq-

uation

{
m = 85 Unm(t, 5, to, a) [Fm + "Rl ds (1.19)
io

Using the bound given above, we obtain the integral inequality
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1 Zn @) << & 1T (Zm) (1.20)

t
I(Zn) = [ N (M| Zn ()P + 6] ] ds
to

Let Zm be a solution of the integral equation
Zm (&) = | & | I (zm) (1.21)
Then | Z,, | < 2m (for example, see inequality (1, 25) in Chapter 1 of [4]; in order
to make use of this inequality we need to multiply both sides of (1. 20) and (1. 21) by
exXp vpf). Function z,, satisfies the differential equation
A2 / At = V2, + | & [NuMpzn? + e "IN (1.22)

with initial condition z, (¢,) = 0. Function Z, remains bounded for all  if the
inequality
Vm? — AN My | € lm+2>0 (1, 23)

is fulfilled, Since v,, = vy | & |¥, when m > 2k — 2 inequality (1, 23) is ful-
filled for sufficiently small | e | independently of the values of Vmk, Ny , etc,
Solving Eq, (1.22) under condition (1. 23), we obtain

Vi | & 2 R L1 A (1.29)
ZAOR 7 iy Al T i,

Consequently, a constant D), , independent of ¢ and & , exists such that bound(1.1)
is valid, The proof that §, x & G and the proof of bound (1, 7) are carries out as in
Theorem 1,

Under the condition m >> 2k — 2 it can he shown that the solution z (¢, ¢, a)
is exponentially stable under the initial perturbations |z, — a | = O (e¥~1). The
same is true of the solutions &, (¢, ), @) and § (¢, ¢,, a) of Egs. (1.3) and (1.9).
Thus, a domain of exponential attraction of radius § = O (e7), where r =k — 1,
existsat £ = f,., If k=1, then one and the same approximation of order m foll-
ows from Theorems 1 and 2 for all m > 1. From Theorem 2 it follows as well that
the solution (£, t,, a)is exponentially stable. When k¥ < m < 2k — 2 an approxi-
mation on finite intervals of order greater than 1/¢ can be obtained from Eq. (1. 22).
Using (1, 10) and (1, 11) the results of Theorems 1 and 2 can be extended to the case
when the resolving matrix satisfies, instead of the exponential stability condition (1, 6),
the condition v, (ts)

I Unm (¢ s toy a) < P, (et) e (1.29)

where P, (et) is a polynomial of degree A in et . In particular, when A =1( a
case typical of damped oscillations in systems with little friction) bound (1, 7) takes the
form

lz () — 2™ () | < Cpp | & ™+, m>2% fr—1

2, Approximation of solutions of linear equations
on an infinite time interval Considerthe linear equation

y=A4A@y+/f(zt) (2.1
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where y is a column vector with components y,,..., yp and the known n-dimen-
sional vector =z (¢, &) has the derivative z =g X () proportional to a small para-
meter & The following procedure is possible for constructing asymptotic approxim-
ations to the solution of the Cauchy problem for Eq. (2. 1) with initial condition ¥ (£;)
= b , We write the approximation ¥ () as

¥ =0, (8, 2) + ey (1, 2) +. ..+ el (t, 2) (2.2
where @, (¢, z) is a solution of the equation
o = A (z) 9o 1+ f (2, 1)
in which z is taken to be a parameter not depending on ¢ . The subsequent terms in
expression (2, 2) are determined in succession from the equations resulting from the
substitution of (2. 2) into (2. 1) and from equating the coefficients of like powers of &.
We arrive at the equations

. 99;_
P =A(z)p; — 5;1 X

which we integrate under the assumption that z is a parameter not depending on t.
For definiteness we can set @, (to, z (£,)) = b and @ (t,, z (t,)) = 0. The functions
®?: are determined to within an arbitrary function of =z, differentiable a sufficient
number of times, taking the specified value when z = z (f)) . Such a situation is
usual for asymptotic methods.
Theorem 3. Suppose that vector z () remains for all t > % in a domain

G of space zy,..., zp. For z e G and for all ¢ 2> %y let the functions A (z), f (z, ?)
and X (#) be uniformly bounded, f (z, ) and X (#) be continuousin ¢, and A4 (z)
and f (=, ) have m uniformly bounded derivatives with respect to z. For z & G let
the eigenvalues }up () (e = 1,..., p) of matrix A (z) satisfy the condition Re kp
(x) << — p < 0, where p is independent of z and &. Then for sufficiently small
e ] the solution y (t) is approximated by the approximation ¥ () on the whole
time interval with accuracy |e [*L i,e., forall t>1,

ly () — 49 0| < Kl e ™
where K; is inlependent of ¢ and &.
To prove this we consider the difference v; = y — y, It satisfies the equation
and initial condition

(2.3)

. s a(p i~1
v; = A(2)v;— et —TL X, v, (t)=0

By Coppel's theorem (see Sect, 5 in Chapter VI of [5], for instance) the resolving mat-
rix L (¢, t,) of the corresponding homogeneous equation satisfies the conditions

L (2, to) | << Qe¥U-19
where @ and y donotdependon t and €. Therefore,

‘ o9 t 5 (2.9
SL(t, 5) —5o de|g|g|f+1QSe-V(f—S)\_§:%‘jX|ds ’

ty to

— j+1
‘”5"“3[

Function @, isa bounded function of ¢ as a consequence of the boundedness of f
(z, t) and of the condition Re}, <0 . From the boundedness of the derivatives with
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respect to z of f(z,t) and A4 (z) follows the boundedness of function (dg,/ dz) X
Therefore, function ¢, is bounded as well, etc. Finally, the function (69;_, / dz) X,
occurring in the integrand in (2.4), is bounded. Hence follows bound (2, 3).

In the expressions for the derivatives d¢; / dx there occur secular terms containing
products of functions of the form ¢* exp At by bounded time functions. When X (1)
and f (z, #) are periodic in t with period independent of z or are finite sums of the

form
S\ a, () cos oyt + b, (z) sin o
v

where the frequencies o, , independent of z ,are mutually imrational, while the A,
are real quantities, we can find an algorithm for constructing the asymptotic dpproxim-
ations containing only exponentials and periodic or quasiperiodic functions. To do
this we should separately construct a periodic or quasiperiodic solution of the inhomo-
geneous equation and particular solutions of the homogeneous equation, in the same
way as, for example, in the case z = T =gt (see [6], for instance).

3, Asymptotic separation of motions on an infin-
ite time interval in quasilinear systems with many
fast variables, Consider the quasilinear system

r=¢eX (z,y t e, y=4A@y+ (1 (3.1

System (3. 1) is a special case of the systems with many fast variables studied in [7],
However, for the asymptotic integration of systems of type (3. 1) it is more convenient
to apply, instead of Volosov's method, a simpler method proposed in [8] especially for
quasilinear systems, Using the results obtained in [8] we show that the exact solution
of system (3. 1) can be approximated by an approximate solution on an infinite time
interval, According to [8] an approximate solution of system (3. 1) is constructed as
follows. Let the initial conditions x (¢,) = a and y (¢,) = b be given, We write
Yy as

yP = @, (¢, 2) + e, (t, 2) + . .. + &lo; (2, 2) (3.2

Here ¢, is a solution of the equation
9 =4 (@9, + [ (2, D) (3.3

found under the assumption that in this equation z is a parameter not depending on
time, For definiteness we assume that @, (£o,  (£,))= %o (to, @) = b. Then g,
(tyoa) =0,i=1,...,].
Entering (3. 2) into the first equation in (3. 1) and expanding the function X (z, y0,
t, e) in powersof ¢, we have
7' = eXo(x, o, t) + & [Xx(x, Po, £) + M ] T

3% (3.4

Substituting y() in the place of y in the second equation in (3. 1) and replacing z’
by expression (3.4), by comparing the coefficients of like powers of £ we obtain eq-
uations for the successive determmatmn of the functions @, (¢, z). . . . , @; (¢, z)

(Pl = A (I) Py — 0 X() (x, Po, t) (3. 5)

[Xl(x’ Po, ) + ]

Qs = A(x) Py — Xo (z, @o,

0q>
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etc. Equations (3, 5) are integrated under the condition that z = const. Inserting
the functions y(3 (¢, z) thus found in the place of y in the first equation in (3. 1),
we arrive at a system in standard form

2 = eX (z, y& (¢, z, &), ¥, &) (3.0)

to which we can apply the averaging method, As we shall see from what follows,when
determining the m -th approximation to the solution of system (3. 1) it makes sense to
examine system (3.6) only for j =m — 1

Theorem 4, For r =G, y&=G;. |e|< e and > ¢, let the funct-
ions f (z, 1), A (z) and X (z, y, ¢, €) satisfy with respect to variables z, ¢, &
the same requirements as in Sects,1 and 2, Let function X have m —+ 1 uniformly
bounded derivatives with respect to y. For j = m — 1 let the improved m -th
approximation to the solution of system (3, 6) and the equation for the slow motions,
obtained from (3. 6), possess the same properties as in Theorem 1 and let ym=1) (¢,
(™), &) remain in G; — o, where @ isindependent of ¢ and €. Then the solut-
ion of system (3, 1) with initial conditions

T (ty) = M (t)) = &y (t) = @, Y (b)) = y™V (tg, a) = b
remains in G X Gy forall ¢ >> ¢, forsufficiently small |e | and m >k + 1

— 1 and can be approximated by the functions z(m) and y(m-1) (¢, z(m) with an
accuracy e |mF i,e,,

|z — am | << C,, | & |mker, 3.M

l y— y(m-—l) (t’ x(m)) l < Clm I € lm-k“
Proof., We assume that z and y and all their approximations being examined
remainin G and G;. In(3,1) we introduce a new variable { by the relation

Y=y —ymD (@ z) (P =0) (3.8)
We arrive at the system
2 = eX (z, ymD, t,e) + P (2, B, 1, )P (3.9)

/ d
Vo= Ax)Y —~a(-aal:’~+...+em—1 wa’:“1>qu>+s"“Fm

Here P\ is the remainder term in the Lagrange formula representation of X (z,
ym-0 1, £, e) while W, consists of terms of order €™ and higher in the express-
ion & (By™-1/ dx)X (x, ym-1, t, ) if X is represented as an expansion in powers
of & with a remainder term of order m — 1. By virtue of the theorem's hypothesis
the functions P,,, ¥, 9o/ 0z, . . ., 8y,,_, / 8z are uniformly bounded. There-
ore, for sufficiently small | e | the real parts of the eigenvalues of the matrix

A@x) —e(0p,/ 0z + ...+ e™0Qu/ 0T)Pp

are less than the constant — W' = —p -+ | ep, |. This permits us to apply Coppel's
theorem to the second equation in (3, 9) and to obtain, analogously to Sect, 2, the
bound | | < ¢ |& |™, where ¢ isindependent of { and e. Thus, we obtain
the bound | &P, | < Pim | & [™ for the term ePpp .

Suppose that for j = m — 1 the improved m-~th approximation of form (1. 2)
and the Eq. (1. 3) have been constructed for system (3. 6), In(3.9) we introduce the
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new variable & by the relation (1.8). Instead of the first equation in (3, 9) we obtain
the equation, analogous to (1, 9),

%E;- = SE(m—l) (E,) + gmHl [Rm (Ev 3 8) + le (E’ ‘l% L, 8)] (3.10)

where the function R, is uniformly bounded. Now we can repeat the proof  of
Theorem 1, replacing R, by R, + R,,. Hence follows the first of bounds(3. 7).
Consider the expression y(m‘l) £, =™ (t), g). We obtain

i ¥y — y(Wl) (t1 x(m), 8) ' = I {y - y(m‘l) (t1 z, E)I +
[y™D (¢, z, &) — y™™D (¢, 2™, e)] |
cle+hlz—a™|<clel™+ hCyle ["FH

Here the constant %, independent of {,and &, exists by virtue of the boundedness
of the derivative dy(™1 / gz, The second bound in (8. 7) is obtained from (3, 10),
Having the bounds derived above we can show, analogously to Sect. 1, that from the
conditions &,, (f) = G and y(™-Y (¢, ™) & G, — « it follows that for sufficien-
tly small | e | the functions  (£), z () = G and y (f) & Gy

If the hypotheses of Theorem 2 are valid for the Egs, (3. 6) of slow motions when
j = m — 1, then an approximation of form (3, 7) can be proved when m > 2k
— 2.t turns out that the solution z () is exponentially stable, while the domain of
attraction at ¢ = #, has dimensions of O (| € |¥-1) with respect to & and dimens-
ions not depending on & with respect to 3.

Another variant is possible for eliminating the fast variables in system (3, 1), Now

Z is written in form (1. 2) and y as

YD = @ (¢, Em) + 801 (6 En) oo ™ Mg (¢ En)

An equation of form (1. 3) is constructed for Em . Inserting the expression indicated
into Eqs. (3. 1), replacing E' in accordance with (1.3), and equating terms of like
powers of e , we obtain the equation

Py =4 (gm)q)o + f (Ems ), &m = const

for @, . After this the function &, is found as the average of X withy = @,,etc.
In other words, in this variant the averaging of system (3, 6) and the representation of
the fast variables ~in terms of slow ones are implemented simultaneously, An approx~
imation of type (3, 7) can be proved for the second variant as well, with the sole prov-
iso that the functions Z,, = § — & and P = y — y™ D be estimated simultan-
eously.
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